Second-order dipolar order in magic-angle spinning nuclear magnetic resonance J. Chem. Phys. 135, 154507 (2011) Single crystal nuclear magnetic resonance in spinning powders J. Chem. Phys. 135, 144201 (2011) Resistive detection of optically pumped nuclear polarization with spin phase transition peak at Landau level filling factor 2/3 Appl. Phys. Lett. 99, 112106 (2011) High-resolution 13C nuclear magnetic resonance evidence of phase transition of Rb,Cs-intercalated singlewalled nanotubes J. Appl. Phys. 110, 054306 (2011) Introduction of the Floquet-Magnus expansion in solid-state nuclear magnetic resonance spectroscopy J. Chem. Phys. 135, 044109 (2011) Additional information on J. Chem. Phys. This paper presents a description of nuclear magnetic resonance ͑NMR͒ of quadrupolar systems using the Holstein-Primakoff ͑HP͒ formalism and its analogy with a Bose-Einstein condensate ͑BEC͒ system. Two nuclear spin systems constituted of quadrupolar nuclei I =3/ 2 ͑ 23 Na͒ and I =7/ 2 ͑ 133 Cs͒ in lyotropic liquid crystals were used for experimental demonstrations. Specifically, we derived the conditions necessary for accomplishing the analogy, executed the proper experiments, and compared with quantum mechanical prediction for a Bose system. The NMR description in the HP representation could be applied in the future as a workbench for BEC-like systems, where the statistical properties may be obtained using the intermediate statistic, first established by Gentile. The description can be applied for any quadrupolar systems, including new developed solid-state NMR GaAS nanodevices.
I. INTRODUCTION
Many-body theory is extensively useful to describe bosonic systems that exhibit macroscopic quantum properties, such as Bose-Einstein condensates ͑BECs͒, superfluidity, superconductivity ͑Bardeen-Cooper-Schrieffer theory͒, and others. [1] [2] [3] Among them, BECs have attracted much attention in the past decade, since the first experimental realization performed by Anderson et al. using rubidium atoms 4 and Davis et al. using sodium atoms. 5 Since then, they are being used to study a variety of quantum properties, including interactions and entanglement between two parties of a BEC. 6, 7 Recently, BEC was also achieved in other systems, such as excitons-polaritons 8, 9 and magnons. [10] [11] [12] Thus, given the importance of these systems, the possibility of emulating some of their characteristics using more easily handled experiments would be valuable.
Nuclear magnetic resonance ͑NMR͒ is a well established technique used in Physics, Chemistry, Medicine, and Biology. 13 It is a convenient method for spin manipulations, which made it very popular as a work bench in quantum information processing. [14] [15] [16] As in fermionic systems, the most common descriptions of nuclear spin systems with I =1/ 2 use Pauli operators ͓algebra SU͑2͔͒. Nevertheless, Pauli operators are not convenient to describe nuclear spin systems with I Ͼ 1 / 2. Actually, there are many convenient formalisms for describing I Ͼ 1 / 2 systems, 13, 17 including the description using the so-called Holstein-Primakoff ͑HP͒ representation, 21 which is equivalent to treating the spin system as a set of analog bosonic particles in a finite Hilbert space. The first ideas about spin systems treated as analog bosonic systems were proposed by Radcliffe 18 and improved by Perelomov 19 and Holtz and Hanus, 20 which described the fundamental theoretical properties of the algebra defined in the HP representation. A few years later, Mead and Papanicolaou published a theoretical study that used the HP representation to describe an interacting Bose gas. 22 An interesting feature of the HP representation is its compatibility with the so-called intermediate statistics proposed by Gentile, 23 which is adequate to describe systems composed by particles which are neither bosons nor fermions. However, the application of intermediate statistics was so far limited due to the lack of physical systems that could be described by the HP representation.
In this article we show that nuclear spin systems with I Ͼ 1 / 2 under the presence of magnetic field and electric field gradient ͑usually known as NMR quadrupolar systems͒ can be well described using the HP representation. Moreover, we found an equivalence between the HP representation of the NMR quadrupolar Hamiltonian and the second quantization representation of a BEC Hamiltonian, which suggests that NMR systems may mimic some BEC characteristics. In this regard, we will show that, under proper conditions, the NMR Hamiltonian produces an equivalent time evolution as the BEC Hamiltonian. To verify this similarity, we experimentally probe the evolution of the nuclear spin I Ͼ 1 / 2 systems under Zeeman and quadrupolar interactions and compared it with quantum mechanics predictions using the Hamiltonian of a BEC. We also discuss the NMR analog of some important BEC characteristics, such as the order parameter and statistical features, as it will be discussed below.
The article is organized as follows: We present some basic concepts and review the BEC theory, derive the conditions necessary for accomplishing a NMR description that is analog to the BEC system, and execute the proper NMR experiments that mimic the evolution of a BEC system with 2I particles. Finally, we discuss the analog of the "order parameter" in the NMR-BEC-like description and its usefulness as a workbench for BEC-like systems.
II. BOSE-EINSTEIN CONDENSATION AND BOGOLIUBOV THEORY
Under idealized conditions, A BEC is a diluted ensemble of weakly interacting bosonic particles in their ground state and distributed homogeneously in a volume V. The particles could be alkali atoms, which satisfy bosonic properties. 1, 2 The alkali atoms are cooled down in confining traps at very low temperatures using a combination of laser cooling, magneto-optical trapping, and evaporative cooling. 4, 5 The confining traps technique can confine from a few thousands to several millions of atoms.
In the ideal case, the treatment of this bosonic particle system considers all particles in the lowest single-particle state and also neglects particle-particle interactions. In most practical cases, two body interaction must be considered the main contribution to the dynamics of the bosonic particle system. This consideration brings effects of interparticle interactions, which are of fundamental importance in the study of BECs. In most cases, this kind of interaction is effectively weak and dominated by elastic collision between two particles. The momentum transfer during these collisions is very small, and it can be characterized by the parameter a of the s-wave scattering length. 1 The Hamiltonian of such a system, in the second quantization representation, can be expressed using annihilation and creation operators, b k and b k † , that satisfy the commuta-
gives the number of atoms in the single-particle k state, and N = ͚ k N k represents the number operator. Hence the Hamiltonian is written as
͑1͒
The first term represents the kinetic and potential energies of the single-particle subjected to an external potential. The second term describes the interaction between two particles, with initial momenta k i and k i Ј before scattering and k f and k f Ј after scattering. Considering that the momentum is conserved and that the interaction is of short range, the potential due to the interactions can then be written as
where U͑k͒ is replaced by the pseudopotential g, which is related to the scattering length a through g =4ប 2 a / m for a Ͼ 0 ͑repulsive interaction͒. Also, V is the volume of the system and m the particles mass.
Assuming that most of the particles are in the state with zero momentum, i.e., k = 0, the Hamiltonian ͓Eq. ͑1͔͒ can be written as
In the above expression, M represents the interactions between the particles in the ground state ͑belonging to the BEC͒ with particles in the excited state ͑out of the BEC͒. It is then given by
͑3͒
It is possible to diagonalize M using c-number properties and the commutation rules for the operators b 0 and b 0 † , changing the dependence from b k and b k † operators to ␣ k and ␣ k † operators ͑Bogoliubov's transformation, where ␣ k and ␣ k † satisfy commutations relations too, such as
and assuming that the number of particles in their ground state is approximately the total number of particles, that is,
In this process the interactions between particles in their excited states are neglected. These interactions can give rise to third and higher order contributions, from the point of view of the perturbation theory. Then, the Hamiltonian shown in Eq. ͑2͒ describes a system of weakly interacting gas and may be interpreted as a quasiparticle bosonic system.
III. BEC-LIKE DESCRIPTION OF A NMR QUADRUPOLAR SYSTEM
A NMR quadrupolar system is composed of nuclei with spin I Ͼ 1 / 2 subjected to a magnetic field and an electric field gradient, where the magnetic moment is quantized as M = I , I −1, ... ,−I. From the point of view of a rotating referential with angular velocity , the system Hamiltonian can be written as
The first term of the Hamiltonian is due to the interaction of the nucleus magnetic moment with the strong magnetic field B 0 , so that L = ␥B 0 is the Larmor frequency. The second term is due to the interaction of the quadrupole moment of the nuclei with the electric field gradient generated by the charge distribution around the nuclei. The strength of this interaction is characterized by the quadrupolar coupling frequency Q . Our physical quadrupolar systems satisfy the inequality ͉ Q ͉ Ӷ ͉ L ͉. Also, I z and I are the z component and the total spin angular momentum operator. If we consider the operator algebra established in the HP representation, we can rewrite the I z angular momentum operator as 18, 21 
where the operator N is called the spin deviation operator
operators defined in the HP representation. Using Eq. ͑5͒ and the fact that I 2 = I͑I +1͒ 1, Eq. ͑4͒ may be rewritten as
As we can see, this Hamiltonian has the same structure as a BEC Hamiltonian ͓Eq. ͑2͔͒. This is possible because I z 2 1 for spin I Ͼ 1 / 2, where is a proportionality coefficient, which is a property of boson operators in the sense that N 2 N. To achieve a complete equivalence we may compare the respective coefficients of the terms N and 1, such that the frequency can be expressed as a function of Q , L , and I. Comparing the second term of both Hamiltonians, Eqs. ͑2͒ and ͑6͒, one can find the condition that allows the BEC-like description of the NMR quadrupolar system, i.e.,
From the last equation we can compute the frequency and use it to simplify the third term of the NMR Hamiltonian ͓Eq. ͑6͔͒, which becomes −͓͑4I 2 −2I͒ / 3͔1. In order to describe NMR system as BEC-like system, it is necessary to match their time evolution in such a way that the propagator V͑t͒ = exp͑−iH NMR t / ប͒ is transformed to produce similar effects as the propagator U͑t͒ = exp͑−iHt / ប͒, 26 where H is the BEC Hamiltonian of Eq. ͑2͒.
For spin I =3/ 2 nuclei,
Then, using the condition ͑8͒, the third term of the Hamiltonian ͑6͒ becomes
The comparison of the BEC and NMR Hamiltonians leads to
So far, two points are worth to be mentioned in the NMR description as an analog of a BEC. First, Eq. ͑10͒ shows that the value of the potential due to the interaction between the condensate particles is directly proportional to the NMR quadrupolar coupling. Second, Eq. ͑11͒ shows that the particles that are not part of the condensate but interacts with it add a constant contribution, which gives rise to an energy offset. For nuclei spin I =7/ 2 we can similarly see that
and the Hamiltonian can be expressed as
In the next sections, we explain how the above conditions are experimentally implemented to perform the NMR-BEC-like description.
IV. EXPERIMENTAL PROCEDURES
The NMR quadrupolar systems used in our experiments are sodium ͑ 23 Na͒ and cesium ͑
133
Cs͒ nuclei in nematic lyotropic liquid crystals. The sample containing 23 Na was sodium dodecil sulfate ͑SDS͒ nematic lyotropic liquid crystal composed by 21.28% of SDS, 3.56% of decanol, and 75.16% of heavy water. The sample containing 133 Cs was a cesium-pentadecaflouro-octanoate ͑Cs-PFO͒ nematic lyotropic liquid crystal composed of 37.5% of Cs-PFO and 72.5% of heavy water. The NMR experiments were performed at room temperature using a Varian INOVA 400 MHz spectrometer.
Using Eq. ͑5͒, one can see that the expression for the NMR density matrix in the thermal equilibrium state 25 can be written as
where ␤ =1/ k B T, T is the temperature, and k B is the Boltzmann constant. This equation represents a statistical mixture of states, with populations given by the Boltzmann-Gibbs distribution. By applying a / 2 pulse along the y direction, a mixture of eigenstates of the operator number of deviation N is created. 19, 25, 27 Next, as shown in Fig. 1 , the NMR system is let to freely evolve for a period of time , with the frequency offset calculated according to Eq. ͑7͒. Then, the NMR signal is acquired and Fourier transformed to give the NMR spectrum, from which the line intensities are measured as function of , with ͓0,T͔, where Pulse sequence used to achieve the equivalence between the NMR and BEC systems. First, a hard pulse is applied to create a superposition of mixed coherent states of the BEC. Second, the system evolves under the NMR quadrupolar Hamiltonian during the time. Third, the acquisition step ͑free induction decay͒ is performed. The two last steps must accomplish the conditions ͑8͒ and ͑12͒ in order to implement the BEC-like description.
V. RESULTS AND DISCUSSIONS
The experimental NMR spectral line intensities ͑sym-bols͒ are shown in Figs. 2 and 3 for 23 Na and 133 Cs systems, respectively. These experimental results correspond to the evolution of the V͑͒ operator. 28 The solid lines are the numerical predictions using the BEC Hamiltonian ͑2͒, i.e., they correspond to the evolution defined by the U͑͒ operator. As we can see, there is an exact correspondence between the behavior of the NMR description in the HP representation and BEC systems. In this study we did not consider the relaxation and loss of coherence processes; however, they can be studied using the same NMR systems. 29 Once demonstrated that the evolution under the effect of the NMR and the BEC Hamiltonian may be equivalent, it is important to establish the relationship between the physical parameter of both systems. In the standard NMR technique only single quantum elements of the density matrix, ͉M͗͘M −1͉ or its complex conjugate, can be directly detected ͑see Figs. 2 and 3͒ . However, since the NMR thermal equilibrium state has no such coherences in order to observe characteristic frequencies ͑eigenfrequencies͒, it is necessary to bring the system out of equilibrium, which can be conveniently done by a short / 2 pulse, which produces a density matrix that has only single quantum elements. 36 Moreover, each line in the NMR spectrum can be associated with the ͉M͗͘M −1͉ element of the density matrix and its oscillation frequency is given by the difference between the reference frequency and the corresponding frequency difference. Thus, the oscillation frequencies observed for each line in the NMR spectrum will be 0 , Q ,2 Q , ... ,͑2I −1͒ Q , which means that the number of oscillation in a period T =2 / 2 Q is 0,1, ... ,͑2I −1͒ ͑see Figs. 2 and 3͒ . In the BEC-like description, i.e., using the number operator notations ͓Eq. ͑5͔͒, one can label the quantum states as ͉N͘ ϵ͉I + M͘ and represent the single quantum elements of the density matrix as ͉N͗͘N +1͉ and its complex conjugate. Thus, the energy difference between two consecutive eigenstates of the number operator is
Moreover, the energy difference between two consecutive eigenstates of the number operator can be 0,͑g / V͒ , ... ,͑N −1͒͑g / V͒. Therefore, the number of oscillations observed in the NMR spectral lines in a period T =2 / 2 Q are equivalent to the number of particles in a BEC-like system, where the possible values of ͉N͘ are equal to ͉0͘ , ͉1͘ , ͉2͘ , ͉3͘ for 23 Na and ͉0͘ , ... ,͉6͘ , ͉7͘ for 133 Cs, or in general ͉0͘ , ... ,͉2I͘.
The second equivalence to be done concerns the BEC pseudopotential g. From Eq. ͑10͒ one can write
This means that the quadrupolar frequency Q is the NMR equivalent of the pseudopotential g with ␣ being an energy scale parameter between both systems. Thus, supposing that we want to describe a BEC composed of cesium atoms, which has the following parameters: 30 g / 2V = 0.8363 ϫ 10 −42 J with number density n =10 11 cm −3 , we found for the 23 Na and 23 Cs NMR quadrupolar systems the following values of ␣ = 6.6949ϫ 10 12 and 2.4769ϫ 10 12 , respectively, where the quadrupolar frequencies Q of 16.9 and 6.25 kHz, were used. Our experimental implementation was achieved in a nematic lyotropic liquid crystal at room temperature, but the implementation could be done in a solid-state quadrupolar system, such as in nanoscale Ga-As device. 31, 32 Another point for discussion concerns the NMR analog of some BEC characteristics, such as the order parameter and the statistical properties.
The order parameter in a BEC is defined as a scalar ͓or vector in the case of a spinor BEC ͑Refs. 33-35͔͒ wave function that represents the quantum ground state, which is a quantum pure state. In our NMR experiments we probe the evolution of the nuclear spins under the BEC-like Hamiltonian, but the system is actually in a statistical mixture. Thus, it is not possible to define an order parameter, so that we only show that the evolution of the system is BEC-like. However, by using proper rf pulses, 36 it is possible to create a state that evolves like a pure state, which is called pseudo-pure-state in the NMR quantum information terminology. 15 If this is done, one can ascribe each state as an order parameter corresponding to distinct occupation number. For example, for a spin 7/2 the equivalence would be ͉111͘ = ͉0͘, ͉110͘ = ͉1͘, ͉101͘ = ͉2͘, ͉100͘ = ͉3͘, ͉011͘ = ͉4͘, ͉010͘ = ͉5͘, ͉001͘ = ͉6͘, and ͉000͘ = ͉7͘. Of course, if NMR states with high purity could be prepared, the equivalence would be complete. Despite that this cannot be done in high temperature NMR systems using conventional excitation and detection schemes, there are some new methods that might achieve it. Among them are solid-state quadrupolar systems in GaAs nanodevices, where NMR quadrupolar nuclei ͑Ga and As͒ were already measured for a reduced number of nuclei at temperatures that can reach 0.1-3.7 K. 31 About statistical properties, as pointed in Ref. 37 the HP representation is based on the operator realization of the Gentile statistics. 23 In this sense, as discussed by Dai and Xie in Ref. 37 the particles described by the HP representation are not real particles but a kind of "imaginary particles," which resulted from an analogy between the quantization rules of the spin angular momentum in the HP representation and the second quantization for bosons in many body theory. However, it is particularly interesting that the quadrupolar NMR and the BEC have some analog characteristics because the former can be viewed as a model application of the Gentile statistics to a BEC-like system. Thus, in future steps, one can proceed to compute some statistical properties using the Gentile statistics in the context that NMR is a BEC-like system.
VI. CONCLUSIONS
We demonstrated that, under proper conditions, the evolution of a NMR quadrupolar system can be described as being BEC-like, i.e., in the HP representation the NMR Hamiltonian is analog to a BEC Hamiltonian in the second quantization representation. Thus, we derived the conditions necessary for accomplishing the analogy, executed experiments to probe the evolution of the NMR-BEC-like system, and compared with the quantum mechanical predictions expected for the BEC Hamiltonian. In this sense, we show that the NMR quadrupolar coupling is the analog to the pseudopotential g of interacting particles in a BEC. Moreover, in the NMR-BEC-like description, the energy offset contribution depends on the spin value I. The NMR quadrupolar Hamiltonian reproduces interaction effects analog to two bosonic interacting particles in their ground state. Another important observation is that the BEC description is done in the energy representation, while in our NMR-BEC-like description we apply the representation of angular momentum, which may have the advantage of monitoring the dynamics of the loss of coherence. Finally, we emphasize that, since the HP representation is based on the operator realization of the Gentile statistics and the NMR description in this representation is BEC-like, the NMR system can be viewed as a work bench of a BEC system with the statistical properties calculated according to the Gentile statistics.
